We calculate intersection forms of all 4-dimensional almost-flat manifolds.
Introduction
Let M be a smooth closed, oriented 4-manifold We define a symmetric and bilinear form (the intersection form)
as the evaluation of the cup product a ∪ b on the fundamental homology class of [M] , that is Q M (a, b) = a ∪ b, [M] , a, b ∈ H 2 (M, Z). It remains a central question in 4-manifold topology which quadratic forms occur as the intersection form of an orientable 4-manifold. In the topological category, there is the celebrated result of Freedman which asserts that for each quadratic form Q there exists an oriented simple-connected 4-manifold with Q as its intersection form. However in the smooth category Donaldson proved [3] that among the definite quadratic forms only the diagonalilizable ones can be realized. See [3] , [4] , [12] . In this note we are interested in a classification of intersection forms of oriented 4-dimensional almost-flat manifolds. They are given by almost Bieberbach groups over 2 -and 3 -step nilpotent group. We prove that if M is not the torus 
and we can assume that b 1 (M) ≥ 1. Moreover we have Lemma 1 For any oriented almost-flat manifold M, the intersection form Q M is even.
Proof: From [1, Lemma 1], (see also the Wu's formula [9, Theorem 11.14]) any closed, oriented 4-dimensional spin-manifold has even intersection form. Let us assume that M has not a spin-structure. In [8] and [10] all such manifolds are classified. That means there is a list of their fundamental groups. We claim that the first Betti number of any M or equivalently the rank of an abelianzation of π 1 (M) is equal to 1. For the proof we can use two methods. The first one uses presentations of π 1 (M) and computer system GAP, [5] . The second one uses properties of fundamental groups and is as follows. There are 7 flat manifolds without spin structure. All of them are presented in [10] . Let us recall (see [13] ) that the fundamental group Γ of a four dimensional flat manifold is the middle term in short exact sequence
where Z 4 is maximal abelian torsion free abelian group of rank 4 and G is a finite group. It is easy to see (c.f. [13, page 51] ) that the first Betti number of the group Γ is equal to the rank (Z 4 ) G , where the action of G on Z 4 is the following ∀g ∈ G, ∀z ∈ Z 4 gz =ḡzḡ −1 .
Hereḡ ∈ Γ is such that p(ḡ) = g. In the almost-flat case we have a classification of all four dimensional oriented manifolds without spin structure [8, p.12] . Let E be a fundamental group of such manifold. It is well known [2] that there is the following generalization of the short exact sequence (2) 
where N is a nilpotent group and G has a finite order. In our situation, we can consider only a case where N is 2 -or 3 -step nilpotent. In the 2 -step nilpotent case, (see [2, Theorem 6.4.10] ) the first Betti number of E is equal to the first Betti number of some 3-dimensional crystallographic group
where
The group Q is called the underlying crystallographic group of E. In the 3 -step nilpotent case, also abelianization depends on the underlying crystallographic group. In order to obtain our results, we can apply [2, Remark 6. 
